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Abstract: A class of D-branes for the type IIB plane-wave background is considered that 
preserve half the dynamical supersymmetries of the light-cone gauge. The ZD-branes of this 
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brane oriented with r axes in the first four directions transverse to the — light-cone and 
s axes in the second four directions). Corresponding lorentzian ZZ-branes are (-|-,—;0,0), 
(-I-, —; 0,4) and (-I-, —; 4, 0). These are constructed in two ways. The first uses a boundary 
state formalism which implements appropriate fermionic gluing conditions and the second is 
based on a direct quantisation of the open strings ending on the branes. In distinction to the 
ZZ-branes considered earlier these have massless world-volume fermions but do not possess 
kinematical supersymmetries. Cylinder diagrams describing the overlap between a pair of 
boundary states displaced by some distance are evaluated. The open-string description of 
this system involves mode frequencies that are, in general, given by irrational solutions to 
transcendental equations. The closed-string and open-string descriptions are shown to be 
equivalent by a nontrivial implementation of the S modular transformation. A classical 
description of the ZZ-instanton (the (0, 0) case) in light-cone gauge is also given. 
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1. Introduction and review 


The study of type IIB superstring theory in pp-wave backgrounds is a fertile area for 
investigating the properties of string theory with nontrivial Ramond-Ramond {RR) con¬ 
densates. In the simplest case, the plane-wave background with a constant flux of the 
Ramond-Ramond (RR) five-form held strength, there are 32 supersymmetries, which is 
the maximal number. Perturbative superstring theory in this background was formulated 
in 01- The metric has a 50(4) x 50(4) isometry group which distinguishes the direc¬ 
tions with I = i = 1,2,3,4 from the directions with / = i' -|- 4 = 5, 6, 7, 8. In this 
notation the light-cone directions are = (x^ ± x^)/V2, where x^ is time-like. One of 
the main interests in studying such theories is the connection, via the Penrose limit 0, 
with A7 = 4 supersymmetric Yang-Mills theory |Q]. A variety of generalizations of the 
maximally supersymmetric plane-wave with less supersymmetry have been constructed. 
Particularly interesting is the class of theories that are based on (2, 2) world-sheet super- 
symmetry Q. These backgrounds have been shown to be exact solutions of superstring 
theory to all orders in a' |^. In these cases the generic background, which is expressed 
in terms of a superpotential, has less space-time supersymmetry and the string theory is 
governed by an integrable two-dimensional system. 

This paper will continue the study of D-branes which preserve half of the dynamical 
supersymmetry of the maximally supersymmetric plane-wave background. For much of the 
time we will be discussing instantonic 74-branes, which are defined by euclidean embeddings 
of (p-l-l)-dimensional world-volumes. These are the cases in which the light-cone directions 
x^ are orthogonal to the brane. We will adopt a notation (similar to that in Q, which 
provides a useful overview of various ZD-branes that arise in this background) in which 
these instantonic branes are denoted (r, s)-branes (r -|- s = p -|- 1), where r and s are the 
numbers of directions associated with the two 50(4) factors in the transverse space. Our 
considerations apply equally well to Op-branes with lorentzian signature which will be 
denoted (-I-, —; r, s)-branes {r + s = p — 1). Recently, it has been found that there are 
also various ‘oblique’ branes which are constrained to be oriented in directions that couple 
the two 50(4)’s |p. Such branes, which cannot be classified as (r, s)-branes, possess less 
supersymmetry than those considered here. They arise naturally in the backgrounds of |5|. 

In section ^ we will present the construction of the branes in a light-cone formalism 
that extends the discussions of [^. Prom the closed-string perspective this generalizes 
the flat-space construction in H], and starts with the ansatz that the boundary state 
describing the brane is annihilated by half the ‘dynamical’ light-cone supercharges^, 

(Qa + ir]M^f^Qj^'^\\{r,s),ri)) = 0, ( 1 . 1 ) 

where the value of 77 = ±1 distinguishes a brane from an anti-brane. We will also as¬ 
sume that the bosonic coordinates satisfy the standard boundary conditions in Dirichlet 
directions (but not necessarily in Neumann directions since these may be affected by the 
background RR flux). As we will see these conditions also imply that the boundary state 

^Conventions and notation are explained in appendix]^. 
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preserves half the ‘kinematical’ light-cone supercharges, 


(Qa + ir]MabQb^ = 0 . 

This means that the fermionic modes satisfy the gluing conditions 

||(r,s),? 7 )) =0, A: e Z. 


( 1 . 2 ) 


(1.3) 


Importantly, we will not assume that the same condition holds for the non-zero modes of 
the supercharge density, which was the case in |]ll| and . 

As in the flat-space case the matrix M is given by 



in the two inequivalent SO{8) spinor representations. Here M denotes the set of directions 
for which the brane satisfies a ‘Neumann’ boundary condition. We will see that in the pp- 
wave background there are two classes of maximally supersymmetric Hp-branes, depending 
on the choice of M: 

• Class I. The first class is the one that was studied in 
matrix Mab satisfies 

nMnM = -l, (1.5) 


11 , 12 


and arises when the 


where H = This condition was considered in the cases of instantonic L>-branes 

in 0 and lorentzian T)-branes in |]l^]. The branes of this kind are of the form (r, r -|- 2) 
and (r -|- 2, r). They preserve half of the dynamical supersymmetries as well as half of the 
kinematical supersymmetries. There are two types of M that satisfy (1.5), 


(i) nM = -Mn, M^ = M, (1.6) 

which includes the cases (3,1), (1,3), or 

(m) nM = Mn, = (1.7) 


which includes the cases (2,0), (0,2), (4,2), (2,4). In all of these cases the open-string 
sector preserves eight components (i.e. half) of both the dynamical and kinematical super- 
symmetries. A characteristic feature of this class is that the kinematical conditions ( |1.2| ) 
are not preserved as a function of x'^ since the commutator with the light-cone hamiltonian 
has the form 

[H,Qa + ipMabQb\ = '^{™Xb{Qh-ir]MbcQc) • ( 1 - 8 ) 

In this case the open-string theory has a mass term in its hamiltonian of the form S’qMH^o 
1^], and the ground state is an unmatched boson. 

• Class II. The second class arises when the matrix Mab satisfies 


HMHM = 1, 


(1.9) 








a possibility that was not considered in 0,01 but arose in the supergravity analyses of 
BUI- Those branes in this class which preserve half of the dynamical supersymmetries 
possess no open-string kinematical supersymmetries. There are two types of M satisfying 

Q, 


UM = MU, 


M'^ = M, 


which includes the cases (0,0), (2,2), (4,0), (0,4), (4,4) or 


{ii) 


UM = -MU, 


M^ = -M. 


( 1 . 10 ) 


( 1 . 11 ) 


which includes the cases (1,1), (3, 3). In these cases 

[H, Qa + ir] Mab Qb] = -^:(UM^)ab ^Qb + ir] ^bc Qc) , (1-12) 


and thus the kinematical conditions (|1.2| ) are preserved as a function of x"*". In this case 
5oMn5o = 0 and the open-string mass term vanishes. The ground states then form a 
degenerate supermultiplet. 

In section we will obtain the boundary states for the (0,0)-brane (or H-instanton), 
which is a class II brane. We will also evaluate the overlap of the (0, 0) with itself, with the 
(0,0) (the anti H-instanton), and with (r, r -|- 2)-branes. In this manner we determine the 
cylinder diagrams that describe the interaction energies (more accurately, the ‘interaction 
actions’) of these instantonic objects. 

The relevant cylinders have parameter length X~^, which is the difference between 
the x"*" positions of the two instantonic H-branes, and circumference 2'Kp'^. The relevant 
modular parameter of the cylinder is therefore X~^/2'np'^. The light-cone gauge in the 
closed-string channel is chosen such the x"*" is proportional to the world-sheet time coordi¬ 
nate r and thus r parametrises the direction along the finite length of the cylinder, while 
the world-sheet space coordinate a is the periodic variable along the circular direction. In 
order to understand the relation to the open-string description it is necessary to perform 
a Wick rotation, replacing r by ir as well as x'^ by ix'^, so that the world-sheet theory, as 
well as the space-time theory, become euclidean. (While it is not clear how to perform the 
Penrose limit for a euclidean theory, it is certainly possibly to Wick rotate the resulting 
plane wave background.) The two world-sheet coordinates a and r then appear on an equal 
footing, and the cylinder diagram can be written as a function of the modular parameter 
(see @ for more details) 


X+ 

27rp+ ’ 


(I.I3) 


where X^ is the x"*" separation between the two instantonic H-branes after the Wick 
rotation.^ More specifically, for the class I branes discussed in |0, the cylinder diagrams 
can be expressed in terms of ratios of powers of functions {i = 1,2, 3,4) whose 

definition is given in appendix^. 


^That is, , = iX^ , where Xq is the original distance between the D-instantons that is analytically 

continned to purely imaginary values in performing the Wick rotation. 
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In order to identify the cylinder diagram with an open string one-loop diagram, the 
world-sheet parameters of the open string, f and a, are then identified with those of the 
closed string so that f = a and a = t. This corresponds to choosing the light-cone gauge 
for the open string where x~^ is proportional to a. In the euclidean description where f 
and a appear on the same footing, this is a consistent gauge choice. 

In this open-string light-cone gauge the total length of the string in the a direction is 
X~^, while the proper time around the loop is 27rp~^. This means that and 27rp~^ are 
interchanged relative to the usual formulae that would hold for an open string ending on 
a time-like (lorentzian signature) brane. In particular, while the ‘mass parameter’ of the 
usual open string is m = 2TTfj,p'^, the ‘mass parameter’ in the light-cone gauge appropriate 
to the instantonic branes is m = pX~^. Furthermore, the modular parameter in the open 
string description is 


1 27rp'*“ 

X+ 


(1.14) 


The requirement that the cylinder diagram can equally well be described in terms of the 
open and closed string point of view implies that the amplitudes must transform appropri¬ 
ately under the S modular transformation t ^ t = 1/t. For the case of the class I branes 
this turned out to be the case @ because the functions transform as 


/!”’(() = /!"’(«) 




(1.15) 


where m = mt = pX~^ is the mass parameter in the open string description, as discussed 
above. In the limit m —> 0 these functions become the standard ft functions (except for a 
subtlety involving the zero modes for /i) that are used to describe the cylinder diagrams 
of the flat space theory. 

As usual, the discussion of section ^ does not fix the overall normalisation of the 
boundary states. This normalisation is left to be determined by relating the closed string 
calculation to the canonically normalised open string calculation as discussed above. The 
construction of the open string in section ^ is somewhat subtle compared to previous cases 
because the open string fermions have states with frequencies Qn = where n is 

generically an irrational number that is a solution of either 


n + im ^ ^ 2 nin ^ Q 
n — ifh 


(1.16) 


or 


n- im Otrin 


. , (1-17) 

n + im 

and m = pLX~^ is the mass-parameter in the open string light cone gauge. The space of 
solutions to the first of these equations will be called V+ while the second equation defines 
the space V -. Although these equations also include the value n = 0, this is not an allowed 
value for the open-string fermionic oscillators (as will be explained later). 

In section O and appendix ^ we will show that the open-string expression coincides 
with that derived from the boundary state approach, i.e. that the cylinder diagram trans¬ 
forms consistently under the S modular transformation condition as in |0]. The fermionic 
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contributions to the cylinder diagrams require further functions and ■ In ap¬ 
pendix^ it is explained that these functions transform into each other under the S modular 
transformation, 

4”’(‘)=si”’(*). (1.18) 

The proof is considerably more subtle than that for the functions because the fre¬ 
quencies of the open string excitations in this case take the irrational values discussed 
above. 

A similar analysis can also be performed for the lorentzian branes, as discussed in |p. 
In this case the open-string light-cone gauge is the usual one in which x"*" = 27rfp'’' and, 
the parameter length of the string is 27rp'’'. Following a Wick rotation, the closed-string 
description is one in which the length of the string in the cr-direction is now X~^, while 
the proper time interval is 27rp'’“. Thus the ‘mass parameter’ in the open string is the 
usual m, while now the ‘mass parameter’ in the closed string is fh. At any rate, the actual 
calculations are virtually identical to the corresponding calculations in the euclidean case, 
and we shall therefore not discuss them in detail. 

In section Q we will consider the cases of the (0,4) and (4, 0) branes, starting from 
the conditions on the boundary states. In this case there is no consistent set of gluing 
conditions unless the bosons satisfy modified Neumann conditions in directions tangent to 
the brane. This is, of course, expected since these branes couple to the anti self-dual four- 
form background potential associated with the constant RR five-form field strength. The 
(0,4) and (4,0) branes do not have supersymmetric anti-branes - the obvious candidates 
turn out to be branes for the theory in which the RR four-form potential is self-dual instead 
of anti self-dual. The overlap between a (4,0) and a separated (2, 0) is obtained and used 
to derive the appropriate boundary conditions on the open strings. The modified Neumann 
conditions translate into those expected on the basis of the Born-Infeld action and given 
in 0 and Q (where they were obtained by requiring (2,2) world-sheet supersymmetry). 

The (0,0), (4,0) and (0,4) instantonic branes mentioned above seem to be the only 
class II branes that lead to a conserved dynamical supercharge in the open string. The 
same statements hold for the (-|-,—;0,0), (-|-,—;4,0) and (-|-,—;0,4) lorentzian branes. 
Somewhat tantalizingly, there is another construction of a (0,4) and (4,0) boundary state, 
as well as of a (4,4) boundary state, that satisfies 0) and 0) in the closed string 
sector. However, the corresponding open strings do not possess a conserved dynamical 
supercharge, and there are various indications that these boundary states do not actually 
satisfy the open-closed duality relation. It would be interesting to understand the meaning 
(if any) of these additional coherent states. Finally, from our analysis it seems that (Q) 
and (|1.2|) do not have solutions in any of the other potential class II cases ((1,1), (2,2), 
and (3,3)), which agrees with the supergravity analysis in |^|. 

This conclusion is supported by the recent paper |^] which analyzed H-branes in the 
generalized pp-wave backgrounds of |^] that can be expressed in terms of (2, 2) world-sheet 
supersymmetry. The branes considered there are ones which preserve some fraction of 
this reduced supersymmetry. In section ^ we will argue that all of the potential class II 
examples are of this type, and that their presence or absence coincides with the results of 
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Q. The additional ‘oblique’ branes of that paper preserve less than eight components of the 
dynamical supersymmetry and should be seen by a small generalization of our boundary 
state gluing conditions although we have not done that. 

As in the flat ten-dimensional case, the (0,0)-brane couples to the dilaton and the 
RR pseudoscalar. In section |6| we will review the supergravity arguments that imply the 
presence of the D-instanton in flat space. We will also give an interpretation of the flat- 
space solution in the ‘euclidean’ light-cone gauge, i.e. after a Wick rotation in . Making 
use of the conformal flatness of the plane-wave background together with the vanishing of 
the scalar curvature it is straightforward to see how the (0,0)-brane arises as a solution in 
the plane wave case. However, it is less obvious how to interpret the effect of this solution 
on the plane-wave dynamics. Finally, in section we will review these results and make 
additional comments. 


2. The (0,0) (D-instanton) boundary state and its overlaps 


The class I boundary states were constructed in j H ] in a manner that mimics the flat-space 
light-cone gauge construction and preserves a complex combination of the closed-string 
supercharges. In this approach the light-cone directions are taken to be transverse to the 
brane world-volume which means that the description is appropriate for euclidean branes 
with {p + l)-dimensional world-volumes. The instantonic branes considered in [11| and Q 
are of the form (r, r -|- 2) and (r -|- 2,r). A similar set of lorentzian signature Hp-branes 
of the form ;r,r -|- 2) and {+,—■,r + 2,r), was obtained in by analysis of the 
open-string sector. These cases are those of class I in the notation of section [^. In other 
words, they are ones for which the matrix M satisfies HMHM = — 1. In this section 
we will consider the boundary state approach for branes in class II where M satisfies 
HMHM = -|-I. In particular, we will obtain a boundary state corresponding for the (0,0) 
case (the T)-instanton). This will be generalized in section to the (4,0) and (0,4) cases 
(euclidean Z)3-branes) which are special because they couple to the constant background 
self-dual RR flux. These examples fit in well with the analysis of Q which is based on 
(2, 2) world-sheet supersymmetry, whereas the class I branes are not invariant under this 
sub-symmetry (as will be discussed further in section ^). 

We are interested in constructing a boundary state for a (r, s)-brane located at a 
transverse position Xq = yj.. The Dirichlet gluing conditions for the bosons take the form 


(ai-difc) ll(^>s),yi)) = 0, /cEZ, 

(«o - «o+ ll(As),yt» = -iV^ix(^-yi)\\ir,s),yt)) = 0, (2.1) 

where / is a Dirichlet direction. Initially, the gluing conditions for the Neumann directions 
are assumed to be 


{ai + aik)\\{r,s),yt)) = 0, /c E Z, 

(“o +«o) ll(Ds),yt)) = 0. (2.2) 
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Furthermore, the boundary state must be annihilated by a certain linear combination of 
the dynamical supercharges (defined in appendix ^ 


(Qa + ir]M^j^Qj^ ) ||(r,s),yt)) = 0, 


(2.3) 


where is given as in (0)- Here rj = ±1 distinguishes the (r, s)-brane from the (r, s) 
(the anti-brane). The gluing conditions for the fermions are uniquely determined by (|2.1|) 


and (2.3). However, the resulting conditions do not yet automatically imply that (| 
actually holds. This constraint imposes additional restrictions on the set of (r, s) branes 


and may require a modification of the Neumann conditions (2.2), as will be described in 
section 

By considering the commutator of (|2.3D with Xq it follows that the boundary state 
must be annihilated by 

(5o“ + iriMab S^) II(r, s), yt)) = 0 , (2.4) 

which implies that a complex combination of the kinematical supersymmetries is preserved 
by the boundary state. With this gluing condition it follows that the Dirichlet zero mode 
part of Qa + ir] {MQ)a (he. the terms proportional to Xq and for which / is a Dirichlet 
direction) annihilates the boundary state for a class H brane irrespective of the transverse 
position yt- On the other hand, for class I branes, this condition is only satisfied if y/ = 0 
(unless we modify the gluing conditions (2.1) and (2.2)). 

The gluing condition relating the non-zero modes 5“ and at the boundary can be 
determined by first writing the non-zero mode part of the dynamical supercharge in ( |2.3| ) 
explicitly as 

°° / \ 

( Cn^iaL^Sn + a^S-n) + {oLnSn “ ^n'S'-n) ) (2.5) 

V ‘^^nCn / 


+ i 


OO y 

^ ( 7]CnM-i\aL^Sn + aiS-n) + v^^(7^n)afe(di„5^ - aistj 


_n=\ ^ 


Using the fact that the boundary state is annihilated by aL^ — (for each Dirichlet direc¬ 
tion I) this equation can be solved to determine the modes Sn in terms of Sn- The solutions 
depend on the properties of M. However, by construction, these equations guarantee so 
far only that the Dirichlet part of the supercharges (i.e. the terms that are proportional 
to or with I a Dirichlet direction) annihilate (^.3|); whether the full equation ( |2.3| ) 
holds has to be analysed case by case. 

Class I. In this case HMHM = — 1, which is the condition assumed in |11, The 
solution of (2.3) is the same as in flat space, 


Sn + ivMabS_n) \\ir,r + 2),yt = 0)) = 0, 


( 2 . 6 ) 


which implies that the density of {Qa + ip{MQ)a) annihilates the boundary state. The 
cases with (r -|- 2, r) work in an equivalent fashion. With these gluing conditions it is then 


easy to see that the boundary state satisfies (^) with the standard gluing conditions for 
the Neumann directions (p.2|). 
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Class II. When ITMIIM = +1 the gluing conditions for the fermionic modes can 
again be determined as above, but now (|2.3D is only satisfied provided that (r, s) = (0,0).^ 


Furthermore, if one relaxes the conditions (2.2) there are also solutions for the cases (4,0) 
and (0,4) which will be discussed in section 

For the case of the (0,0)-brane, the matrix M is simply M = 11, and the condition 
(2.3) can be expressed in the form 


11 + 


rjm 
2,iOnC^ 


n 


nb 

*^r) 


+ ir] ( 1 — 


ab 


rj m 


n 


St 


ab 


ll(0,0),y)) = 0 


(2.7) 


for all n G Z, n / 0. Note that since oj-n = —oJn and c_n = c^, this formula gives the 
correct expression both for positive and negative n. This can be simplified using 


]l + -^n) (]l--TT_n) =^(a;„_n)5, 


2a;„c2 y 


rjm 


C: 


/be 


2n 




which leads to the conditions 


5“ + ir/i2“'5^J||(0,0),y))=0, 


where i2r? is the matrix 


Rn = - (Wnl - rjmU) . 
n 


It is worth noting that Rn is not orthogonal, but that 


RnR-n = 1 • 


( 2 . 8 ) 


(2.9) 

( 2 . 10 ) 


( 2 . 11 ) 


This equation is required to make the above gluing conditions self-consistent. 

The expression for Rn can be simplified further by decomposing the 50(8) spinors 
Sn and Sn into spinors of definite 50(4) chiralities by defining 

5+ = t(l + n)5„, 5- = i(l-n)5„, ( 2 . 12 ) 


so that 115)^ = ±Sn, and similarly for 5„. Then (2.E) can be rewritten as 

[st +ivRtS-n) ll(0,0),y)) =0, 


where 


= 


Wn =F r/m 


n 


OJnT'll m 
ojn^'rj'm 


Given this expression, it is easy to write down the full boundary state 


(2.13) 

(2.14) 


ll(0,0),y,r/)) = W(o,o) exp 







iriR-kS-_k~Sz)j ||(0,0)))o, 

(2.15) 


®Here we are assuming that the D-brane has at least one transverse Dirichlet direction; it is also possible 
to solve these equations for the case of the (4,4)-brane, but the resulting boundary state does not have a 
sensible flat space limit, and is probably inconsistent. 
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where is a normalisation constant that will turn out to equal 


■^(0,0) = (47rm)^ , 


(2.16) 


and the ground state component is 

||(0,0)))o = (|I)|/) +Z7y|a)|a)) g— ^^2 ^ (2.17) 

Here the first bracket describes the ‘fermionic’ part of the ground state, while the second 
part describes its ‘bosonic’. This ground state is just the linear sum of the dilaton and 
RR scalar that enters the flat-space boundary H-instanton state. This zero-mode part is 
an eigenstate of the closed-string hamiltonian, in contrast to the ground-state factors in 
the class I branes discussed in [^. When m —> 0, the gluing condition (|2.9[ ) reduces to the 
usual flat-space result since Rn = 11 for m = 0. 


2.1 Cylinder diagrams involving the H-instanton 


Given the explicit description for the H-instanton boundary state we can now evaluate the 
sum over cylindrical world-sheets with one boundary on a (0,0)-brane (or H-instanton) 
while the other boundary describes in turn a (0,0)-brane, a (0,0)-brane (or anti D- 
instanton), or one of the class I branes discussed in 0i- From the closed-string point 
of view that is considered in this section, this involves the overlap of two boundary states 
with non-zero p"*" that are separated in the x"*" direction by X^, as well as the directions. 
The diagrams can also be identified with a trace over the states of the open strings joining 
the separated H-branes as will be seen in the next section. The proof that the closed-string 
construction gives the same expression as the open-string construction is a consequence of 


the modular property of the functions §2 and ( 1.18 ) that is explained in appendix y. 

The cylinder diagram can be expressed as a closed-string propagator between the 
appropriate boundary states The overlap between a boundary state of a euclidean Dp- 
brane located at a transverse position y{ and a euclidean Up'-brane at is given by 

i, 




■p'T)' \pr} 


(t;yi,y2) = ((p'.y2.Vl|e-“''“'’"l|j.. 


yi, 


(2.18) 


where t = X~^/2'Kp'^, pjdosed is the closed-string light-cone gauge hamiltonian, and rj, r{ = 
-|- indicates that the boundary state describes an instanton, whereas r],r]' = — indicates 
an anti-instanton. The overlap can be determined by standard methods (noting that the 
‘in’-state and the ‘out’-state have opposite light-cone momentum p'^, and therefore m takes 
the opposite value for the ‘in’- and ‘out’-state). 

Let us begin by discussing the case of the overlap between two (0, 0)-branes. As 
we have seen the fermionic ground state ( |2.17 ) is an eigenstate of the closed string light 
cone Hamiltonian, and therefore the overlap between two (0,0)-branes vanishes so that 
'4(o,o);(o,o) yi) y 2 ) = O. The same comment also applies to the overlaps between the 
(0,0) and (3,1) (or (1,3)) boundary states, A(o,o);( 3 ,i) yi) y 2 ) = 0. Both of these results 
are direct consequences of the corresponding statements in the flat-space case [10|. 
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Next consider the case of the overlap between a (0,0) and a (0,0). Using the boundary 
state ( 2.15| ) and the fact that R^{m, rj)R^{—m, —rj) = together with standard 

oscillator algebra leads to the expression for the cylinder, 


•^(0:0);(0,0)(^;yi’y2) = /io(yi,y2) 


(m) 

92 


(/!”’(<)) 


(2.19) 


where arises from each of the transverse integer-moded bosons (and is defined in (B.l), 
see P]) and 


. / ^ ( rn {1 + {yl + yl) 2mq'^yi-y2 

/io(yi,y 2 ) = exp-^ 


2(1 - q^) 

Furthermore, each pair of fermions gives a factor 


(1 - q^) 


( 2 . 20 ) 


(t) = dvrm q JI ( ^ + 


si"’"'- 


n=l 


uJn + rn 


uj„ — m 


1 + 


LOn — m 

a;„ -|- m 


( 2 . 21 ) 


where the ‘offset’ Am is the same offset that arises in the definition of In particular, 

the total offset of ( ^.lOf) is therefore in agreement with the fact that the lowest closed 
string state that couples to the boundary states is the fermionic ground state in ( 2.17| ) 
whose light-cone energy is 2m. (This state is characterised by the condition that is is 
annihilated (for r] = +1, say) by and 0^.) 

Similar arguments for the overlap between a (0,0) and a (0,2) at the origin lead to 


>^(o,o);(o.2)(i;y,0) = 2sinh(7rm)jo(y) 


(sr>(*=))’ 




2 ’ 


( 2 . 22 ) 


where the prefactor of 2 sinh(7rm) comes from the normalisation of the (0, 2) boundary 
state that was determined in [^, and y describes the position of the (0,0) (the (0,2) is 
assumed to be located at the origin in the transverse space). Furthermore 


jo(y) = exp (- ^ _ ^m^ I exp 


m (1 - g"^) yf 
2(l + q^) 


(2.23) 


where y* is the component of y in the directions transverse to the (0, 2) , while y; denotes 
the components of y along the world-volume directions of the (0,2). 

Similarly, the overlap of a (0,0) with a class I (2,4)-brane (a euclidean Z15-brane) is 


•^(0,0);(2,4) (^; yj 0) 


io(y) 


(sU{‘=))' 


2smh(m.r) //<"'>({)) 


6 ’ 


(2.24) 


where now yt is the component of y in the directions transverse to the (2,4)-brane, while 
yi denotes the components of y along the world-volume directions of the (2,4). 
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3. The open string point of view 


In this section the (0, 0) (D-instanton) is analysed from the open string point of view. 
It follows from the equations of motion that the open string functions satisfy the 
equations 


(9+iS'(cr, r) = m n 5(cr, r), (3-1) 

d-S{a,T) = —mn5(cr,r), (3-2) 


where fh = is the mass parameter in the open string light cone gauge for which both 
light cone directions satisfy Dirichlet boundary conditions Q. The general solution can be 
written as |jl^ 


S{a, t) = Sq cos(mr) + n5o sin(mr) + Sq cosh(m(T) + IISq sinh(mc7) 

m 

n^O ^ 

S{a, t) = —IIS'q sin(mT) + Sq cos(mT) + So cosh(m(T) + IISo sinh(m(T) 

i 


+ ^ Cn 
n^O 


m 


where Qn = + n^. 


(3.3) 


(3.4) 


3.1 Boundary conditions and mode expansions 

The boundary conditions on the open string determine the mode expansion. The nature 
of this expansion depends sensitively on the particular branes on which the open string 
terminates and we will discuss them on a case by case basis. 


3.1.1 (0,0) — (0,0) 

In the case of the open string between a (0,0)-brane at yi, and a (0,0)-brane at y 2 the 
open-string bosonic coordinates have the mode expansion 


= y{ cosh(miT) -|- 


yi ~ y{ cosh(m7r) . 


sinh(m7r) 


■ sm. 


liirha) + —afe sinUa), 

iOj 

1^0 ‘ 




(3.5) 


1^0 


x'^ = fhy[ sinh(m(T) -|- m 


yi ~ yi cosh(m7r) 
sinh(m7r) 


I 


cos 


h(mcr)-|-2y^ —aje cos(/(t) . 
1^0 ‘ 


On the other hand the fermionic modes are restricted by the boundary conditions 


S{a,T) = S{a,T) for(T = 0,7r. (3.6) 

For the zero-modes this condition requires that S'q = S'q = 0 and that the second set of 
zero modes are related, 


So = So. 


(3.7) 









(3.8) 


Furthermore, (^) implies that the non-zero fermion modes of ( [1.3| ) are related by 

Sn = TnSn , 

where n G 2 with n 7 ^ 0 and 

Tn = [nil -|- imlll . 


(3.9) 


The matrix is unitary, T^T* = 11. 

We can now discuss the open-string supercharges. The mode expansions of S and S', 


together with (^) lead to the expansions 


(S - S) = 2 ^ c„ sin(na) (il- ^ 


n^O 


m 


(S -|- S) = 2So cosh(mcT) -|- 2nSo sinh(m(T) 


+‘^'^c-n 

n^O 


,1 n n (On-n) 
cos(na) I —h i —-il I Sn 


LOn mOJr, 


(3.10) 


. {uJn-n} . m , 
-|-ZSm(n(Tj -;;-*^^li I Sn 

OJn OJn 


The combination S(cr) -|- S(a) is proportional to the density of the kinematic supercharge. 
Since this contains a term proportional to sin(n(T)cnM„Sne“*^"’’, the supercharge, 

which is the integral of this density, has a complicated time dependence and is not con¬ 
served.^ 

The dynamical supercharge of this open superstring is given by the difference of the 
left and right moving supercharges. In flat space this can be seen by a careful analysis of 
T-duality from the open string on the D9-brane. Using the formulae given in Q one has 

^ ^ ■ ^V^j^{S-S)+x'^-f^(S + S)+mx^-f^U(S + S) 


Q = 


da 


2V^ Jo 

This is time independent (and therefore conserved) as is shown in appendix 
is found to have the mode expansion 


(3.11) 
where it 


Q = 




(cosh(7rm)5o -|- sinh(7rm)n5o) — y{Y So 


1 


-hTT ^ c„ 7^ (11 - n ) S-n 


n^O 


m 


(3.12) 


The anti-commutation relations for the fermionic modes are also determined in ap¬ 


pendix C.l and are given by 

r Qa t _ ^ab r 

^ ^n,—r 


{s;,sS} = 


vrm 


2 sinh( 7 rm) 


if n 7 ^ 0 or m 0 , 

cosh (vrm) (5“’^ — sinh( 7 rm)n“’^ 


(3.13) 

(3.14) 


“^The ‘conserved’ kinematical supercharges for the class I branes are not strictly speaking independent 
of r. However, their r dependence is simply a consequence of the commutation relations of the fermionic 


zero modes with the hamiltonian (A. 19). 
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It is easy to calculate the anti-commutator of the supercharges Qa, and one finds 


where the open string Hamiltonian is defined by 

^ jjopen ^ ^ 

27r 2 sinh( 7 rm) 


>ab 


(2/22/2 - yivi ) 


(3.15) 


(cosh( 7 rm)(y 2 2/| + 2/12/1) - 22/22/1) + ^ (a:L„a^ 


n>0 


(3.16) 

and n £ 2 . The second term in ( 3.15 ) describes a central charge since it commutes with 
the supercharges, as well as the rotation generators in iS'0(4) x 50(4). It is important that 
there is no mass term for the fermionic zero modes in this hamiltonian. 

Although the expression ( 3.16| ) has been obtained for the open string joining two 
(0, 0)-branes it has the same structure for strings joining any pair of class II branes. In 
particular, there is no mass term for the fermionic zero modes. Recall that in the case of 
the hamiltonian of the class I O-branes the mass term has the form SqMUSo but such a 
term vanishes identically for any of the class II D-branes. 


3.1.2 (0,0) — (0,0) 

Now consider the open string with one end on the (0, 0) and the other on the (0, 0) (anti 
H-instanton). The bosons are still described by (|3.5| ), but now the boundary conditions 
for the fermions, replacing ( |3.6D , is 

5(0, r) = 5(0, r) 5 ( 7 r, r) = — 5 ( 7 r, r). (3.17) 


This boundary condition is incompatible with the presence of zero modes, which are there¬ 
fore absent. The boundary condition at u = 0, requires that the non-zero modes have to 
be related as in (|3.8D , while the condition at a = tt implies that 

S„ = T* Sn , forn / 0. (3.18) 


In order to construct a simultaneous solution to (^) and ( 3.18 ) let us write these equations 
in terms of the plus-minus components introduced before in ( |2.12| ). Then ( |3.8| ) becomes 

where r± = <" . (3.19) 




-Tit ci 


UJr 


IS 


while ( |3.18|) 

5± = _e2™ {Tty St, (3.20) 

and again both equations only hold for n 7 ^ 0. It then follows that there exists a non¬ 
trivial solution provided that the mode number n of 5+ and 5+ satisfies the transcendental 
equation 


n G 7^4 


n + tm ^ 


n — im 

while the corresponding condition for the mode number of S~ and S~ is 


n €V- 


n — im 


n + im 


= —e 


27rm 


(3.21) 


(3.22) 
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Both of these spaces of solutions contain a trivial zero mode solution with n = 0, but we 
have seen that this is not an allowed mode of the open string. It is obvious that there 
are infinitely many other solutions for n in both cases. For small fh, the solutions to both 
equations are close to all the half-odd integers. Also, if n e V+, i.e. if n is a solution to the 
first equation, then —n £ V+, and similarly for V-. The hamiltonian for this open string 
is again given by (|3.1(:), except that in the second sum n G V±. 


3.1.3 (0,0) — (r,r+ 2) 

We may also analyse the modes of an open string stretching between a (0,0) and one of the 
(r, r -|- 2)-branes (or class I branes) of |11, |9|. Let us first discuss the bosonic modes. For 
the directions that satisfy a Dirichlet boundary condition at both end-points {i.e. the DD 
directions), the bosons are still described by (p.5|), and their contribution to the hamiltonian 
is given by the first term in ( p.lC ). For the DN directions, the hamiltonian also depends 
on the position of the (0,0). This is a consequence of the fact, explained in [p, that x~ 
depends on the position on the world-volume of the class I branes. Taking into account 
the Wick rotation for x"*" that is described in Q, it follows that the relevant contribution 
to the open string hamiltonian is given by 


Ropen ^ 


fh tanh(m7r) 


-y; 


(3.23) 


In order to describe the fermions let us assume the (r, r -|- 2)-brane is at cr = 0, while the 
(0,0) is at cr = vr. The former boundary condition (5(0, r) = MS{0,t)) then leads to 


Sn = MSn , n / 0 (3.24) 

as well as 

5o = M5o , S'o = MS'o , (3.25) 

where —11 = IIMIIM [^. At cr = vr the relevant boundary condition is S{tt,t) = 5(7r, r); 
this requires that the condition 


C _ „27rm rp n 

Ur), — c- Ir). Uri 


n / 0 


(3.26) 


is satisfied, as well as 

5o = 5o, 5'=5'=0. 

As before (3.26) can be rewritten as 

5± = e2™r±5±, n^O. 


(3.27) 


(3.28) 


The open string modings now depend sensitively on the symmetry of M: 

Case (i) M is symmetric and anti-commutes with 11. This is the case for the (1,3) and 
(3, l)-brane where, for example, M = Since = 11 half of the zero modes 


Sq (namely those that have eigenvalue -|-1 under the action of M) satisfy both ( 3.25 ) and 
03.271). The open string therefore contains four fermionic zero modes (that commute with 
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the light cone hamiltonian). As regards the non-zero modes, ( 3.24 ) can be rewritten in 
terms of the ± components as 


Sn 


0 M\ fS+ 
0 j [Sn 


Combining this equation with (3.28) gives 


2 ™^ 0 MT-\fS+ 

Sn) 0 ) \Sn 

The condition for a consistent boundary condition is therefore 

S+ ^ j.- J.+ MM^ St . 


(3.29) 


(3.30) 


(3.31) 


Since T~ = 1, this is the same condition as in flat space, and thus the modings of 
these open strings are exactly as in the flat space case. Since the number of DD and ND 
directions of the (3, l)-brane are both equal to four, four of the eight fermions are integer 
moded while the other four are half-integer moded. 

Case (ii) M is anti-symmetric and commutes with 11 which is the case for the (2,4), (4, 2), 
(2,0) and (0,2). One example is the Dl-brane with M = 7 ^ 7 ^. In this case, = —11, 
and therefore none of the zero modes Sq has eigenvalue -|-1 under the action of M. In 
particular, it therefore follows that there are no fermionic zero modes in this open string. 
As regards the non-zero modes, (0.24) can be rewritten as 


Sn 


M+ 0 
0 M- 


St 

Sn 


(3.32) 


The eigenvalues of are +i, +i, —i, —i. Let us consider one of the plus-components St 
(the analysis for the minus components is analogous). The conditions obtained from ( 3.24| ) 
and (0.28|) then become 


1 = Tie 


27rm ^ 


(n -|- ifh ), 


(3.33) 


where the sign on the right hand side depends on whether the eigenvalue under M+ is ±z. 
Squaring this identity gives 


^ J^^in n + ifh ^ 2ui(2n) (2^) + i(2m) 

( 2 n)-i( 2 m)' 


n — im 


(3.34) 


Thus for each pair of 5^ modes with eigenvalues ±i, the mode numbers must satisfy 
2n G Similarly, for each pair of S~ modes with eigenvalues ±i, the mode numbers 

must satisfy 2 n G 

3.2 Consistency of one-loop open-string amplitudes 

Given the explicit knowledge of the open string spectra involving the H-instanton boundary 
condition, we can now also evaluate the cylinder diagram as a trace over the open string 
states, giving ^ 




pi;P 2 


(t) = tre 2 ,r 


^open ^ 


(3.35) 
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where t = \/t = 2Tip'^/X^ and is the open-string hamiltonian in the light-cone 

gauge. The resulting expressions must agree with what was obtained in the previous 
section from a closed-string point of view. This is the open-closed consistency condition 
that will be checked in the following. 

The open string with (0,0)-brane boundary conditions at both ends, has eight integer- 
moded world-sheet bosons and eight integer-moded world-sheet fermions. Furthermore, the 
fermionic zero modes commute with the Hamiltonian, and the trace therefore vanishes, in 
agreement with the closed string result. 

The analysis is similar for the open string with a (0,0) boundary condition at one end, 
and a (1,3) boundary condition at the other. Again, there are four fermionic zero modes 
that commute with the open string hamiltonian, and thus the cylinder diagram vanishes, 
in agreement with the closed string result. 

The situation is more interesting for the case of the open string with one boundary 
on the (0,0), and the other on the (0,0). Evaluating the trace now gives an expression of 
the form 


h0,0);(0,0) 


= 4(yi,y2) 


-~4jn) 

91 


{f 


(fh) 


8 ’ 


where ho(yi 5 y 2 ) describes the contribution from the first term in (|3.1(]| ) 

rht 


^o(yi,y 2 ) = exp - 


2 sinh( 7 rm) 


[cosh(7rm)(yi^ -F y^) - 2yi • y 2 ] 


and the function (t) is defined by 


^(m) 

91 


(t) = q 


-A. 


n 

1&V+ 




(3.36) 


(3.37) 


(3.38) 


l£V- 


The products in ( 3.38 ) are over all the values of I that satisfy ( 1.16 ) and ( 1.17 ), respectively. 
In both cases, the value / = 0 is included in the product. The total I = 0 contribution 
(1 — g™)^ cancels the zero mode contribution from This is in agreement with 

the spectrum since the contribution of the bosonic zero modes is already described by the 
prefactor ho(yi,y 2 )- The off-set is defined in (|B.15|) of appendix^ 

Using the relations g™ = e^^Trtm _ g-27rm^ as m = fhi, it is easy to see that 

/io(yi,y 2 ) = ho(yi,y 2 ). Furthermore, as is shown in appendix the functions g 2 and 54 
satisfy the non-trivial identity 

9t\t)=9t\i). (3.39) 

This implies that 

-^Pi;P 2 (^) = ^pi;P2i ^)) (3.40) 

and thus that the two calculations agree, as they should. 

Similarly, the one-loop contribution of an open string between the (0,0) and the (2,0) 
is 


^(o,o);(2,o) = Jo(y) g 2 (1 - g™) 


^(2m) 

94 


[^\i 




2 ’ 


(3.41) 
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where the prefactor of q ™/^(l — g™) cancels the part of the zero mode contribution from 
that is not cancelled by , and 


io(y) = exp ( 


ocoshfvrm) n sinhlvrm) 

yt—r^ + yf 


sinh(7rm) 


cosh(7rm) 


(3.42) 


Again, it is easy to see that jo(y) = io(y)) and that (|3.40|) is again a consequence of ( 3.3£ ). 
Finally, the result for the case of the open string between the (0,0) and the (4, 2)-brane is 


Z(o,oy,(4,2) = io(y) g 2 (1 - q^) 


m\ — l 


M2fn) 

1/4 




(3.43) 


and the consistency of the closed-string and open-string sectors follows by the same argu¬ 
ments as before. 


4. (4,0) and (0,4) with flux 

The (4,0)-brane and the (0,4)-brane couple to the self-dual background RR four-form 
potential. This means that a nontrivial Born-Infeld flux is necessarily switched on in the 
world-volume. In turn, this affects the Neumann boundary conditions. We will determine 
the open-string boundary conditions by enforcing the consistency of the cylinder diagrams 
under the S modular transformation, starting from the closed-string boundary states. 

For definiteness, let us consider the (4,0)-brane (the construction for the (0,4)-brane 
is similar). The corresponding boundary state should be characterised by the gluing con¬ 
ditions 

(Qd + zr?n,^Q^)||(4,0),r?)) = 0. (4.1) 

In terms of the chiral ± components this is the condition 

(Q±±zr/Q±)||(4,0),r/))=0. (4.2) 

In addition to ([4.2|), the boundary state should satisfy the Dirichlet gluing conditions 

(4-d!:,)||(4,0),r/)) =0, A:EZ\{0}, 

(«o - Oo + 1(4, 0), r/)) = 0 , (4.3) 

where i' denotes the coordinates that are transverse to the (4, 0) and yf is the position of 
the (4,0) in these directions. As before, ( |4.2| ) together with ( |4.3D already determines the 
gluing conditions for all fermionic modes. Once these have been determined they will imply, 
using s, what the gluing conditions for the bosonic modes along the world-volume of 
the (4,0) must be. 

From the condition that {Q + iyQ)'^ should annihilate the boundary state, using ([4.3|), 
we find that 

+ II(4,0),7?)) = 0, n/o, (4.4) 
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while the condition that (Q — irjQ) annihilates the boundary state gives 


11(4,0),??)) = 0, 


(4.5) 


Both of these identities follow directly from the analysis described before for the (0,0)- 
brane. With these fermionic gluing conditions, the terms in (O) proportional to 
annihilate the boundary state. On the other hand, the terms that are proportional to 
vanish if and only if 



ujn-mr] \ 
iOn + mrjJ 


ll(4,0),r?))=0 


(4.6) 


for all n 7 ^ 0. This condition reduces to the standard Neumann boundary condition for 

m —> 0. 


The zero-mode component of (4.2) requires, using the second equation of (4.3), 




+ ||(4,0),7?)) = 0. 


(4.7) 


Furthermore, the bosonic zero-mode condition for the transverse directions is 


{pl^-irjmxl) 1(4,0),7/)) = 0. 


(4.8) 


So the complete set of gluing conditions for the supersymmetric (4,0)-brane with flux 
is given by 


|)-(4.8). The bosonic gluing conditions can be summarised as 


(T** 11(4,0),??)) = 0. 


(4.9) 


A notable feature of condition ( |4.8| ) is that for r] = + the bosonic zero mode ground state 
is the Fock space ground state since it is annihilated by d*. On the other hand, the ground 
state for the anti-brane (?/ = —) would be the state that is killed by the zero mode creation 
operator, a*. This would mean that the anti-brane had to lie in a different Fock space 
that decouples from all of the other branes. The conclusion is therefore that there is no 
supersymmetric anti-brane for the (4,0) (and (0,4)) cases. Which of the two, the brane 
or the anti-brane, is supersymmetric obviously depends on the sign of m, and thus on the 
sign of the RR background flux. 


4.1 The open string description 

In order to deduce the open-string description of this boundary condition, let us analyse 
one of the non-vanishing overlaps involving the (4,0)-brane. To be specific, consider its 
overlap with the (2,0)-brane, where, for simplicity, both branes are taken to be at the 
origin in the transverse space. Using the same arguments as before, one finds that this 
overlap is 


A2,o);(4,o)W = (2sinh(7r?7?))^ 



(4.10) 










where the functions g^{t) and g 2 '-{t) and their transformation properties are defined 
in appendix B.l. Using the formulae given there, the relevant open string has a one-loop 
partition function given by 


dm) 


%0);(4,0)(i)=r™(l-9'^)' 


^(2m) 

5i,+ 


(2m) 


91, 


(/f>(*)) (sfh*)) (Cd*)) 

This one-loop amplitude is consistent with the boundary condition for the (4,0)-brane 

n -|- ifh 


(4.11) 


Q±_I 

'^n ^ ? 


Ur 


as well as 


,■ n — im 
a = - a 


(y^ = —^ 

^r) 


n -|- im 

The bosonic relations are equivalent to the condition that 

r) — mx^{a, r) = 0 , 
x‘'(a,r) = / 


(4.12) 


(4.13) 


(4.14) 


at the boundary corresponding to the (4,0) brane, while the fermionic conditions are 
equivalent to 

^((T, r) = n5((T, r). (4-15) 

In section we will point out that the modihed bosonic conditions (4.14) also arise in the 
context of the (-I-, —; 4,0)-brane as described in ii- As in the case of the (0,0)“(0,0) 
system the cylinder connecting two (4,0)-branes vanishes, dl(4_o);(4,o) (^) = 0. 


4.2 Supersymmetry 

Having determined the boundary conditions for the (4,0)-brane, we can now deduce the 
mode expansion of the bosonic and fermionic fields for the open string both of whose 
ends lies on a (4,0)-brane. The components of 5"*“ and S~^ have the mode expansions 
given in ( p.lOD while the components of S~ and S~ have the same mode expansion as the 
components of S~ and S~ for the (0,0). Thus, 


(5-1-5) = 2i Cn sin(ncT) f 1 + i ^ ^ ^ 5„e , 

n^o m j 

(5 — S)~ = 25(C cosh(miT) -|- 2Sq sinh(miT) 



(4.16) 
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The bosonic fields x^' have an expansion of the form (|3.5| ). On the other hand, the mode 
expansion for the bosonic fields in the first four directions is^ 


X* = (x*o + Po t) e" 

+2z^ 

Ij^O 


I 


Qi{l — im) 


I 


1^0 


{I — im) 


ale cos{la) + 2i ^ 

ij^O 

Zt^o 


m 


Qi{l — im 


-ale sin(/(T), 


m 


{I — im) 


x'^ = m (xq + Pq T)e^^ 

f 


■2>E 


Qi{l — im 


-ale sm{la) + 2i ^ 
Zt^o 


m/ 


Qi{l — im) 


ale sm{la), (4.17) 


ale cos(Z(t) . 


Using these expansions it is straightforward to show that the positive S'0(4) chirality 
component of the difference of the two supercharges (see (3.11)) 


Q+ = ^(i + n)Q = 


1 


2\/X+, 


da 


V^y{S-S) + x'^Y{S + S) + mx^YU{S + S) 






(4.18) 


and the negative 50(4) chirality component of the sum of the two supercharges 




da 


+ S)- x'y" {S-S) + mx'7'n(5 - S) 


ji.i 


I. h 


(4.19) 

are conserved. Therefore, this system preserves eight of the dynamical supersymmetries 
as was the case with the (0, 0)”(0,0) system. Furthermore, none of the kinematical super- 
symmetries is conserved. This follows from the fact that the integrals of the equations in 
(4.16) obtain contributions from the non-zero modes. 


5. Relation to (2, 2) world-sheet supersymmetry 

In earlier sections we have have constructed class II H-branes that preserve half of the 
light-cone gauge dynamical supersymmetries for the cases (0,0), (4,0) and (0,4). From 
the point of view of our construction it seems that none of the other class II H-branes {i.e. 
the cases (1,1), (2,2), (3,3), (4,4)) possess eight unbroken dynamical supersymmetries. In 
a separate approach the H-branes that preserve some supersymmetry in a generic pp-wave 
background with (2, 2) world-sheet supersymmetry were recently analysed in [^. Apart 
from some oblique branes (see below), the only supersymmetric branes that were found in 
Q were the cases (0,0), (4,0) and (0,4). We would like to explain how our results fit in 
with those of |8|. 

The generalised pp-wave backgrounds of |^] can be expressed in terms of string theories 
with (2,2) world-sheet supersymmetry. These backgrounds preserve at least four of the 
sixteen dynamical light-cone gauge supersymmetries. More precisely, the four parameters 

®We thank Y. Michishita for correcting an error in an earlier version of this paper. This mode expansion 
was described before, in a different context, in [^. 
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of the (2, 2) world-sheet supercharges are interpreted as four components of the space-time 
Killing spinor identified in Q and are parameterized by two complex constants, a and Q. In 
the plane-wave background of interest to us, this is only a sub-symmetry of the complete 
fermionic symmetry of the background. In fact, the four components of the dynamical 
Killing spinor transform in a certain spinor representation of the diagonal 50(4) subgroup 
of 50(4) X 50(4). 

This can be seen from the expression for the spinor as given in equation (A.5) of 
Q. The piece of the Killing spinor proportional to a is identified with the spinor state 
V’ = (-1-1/2,-1-1/2,-1-1/2,-1-1/2) which is the bottom state of the 8s spinor representation 
of 50(8). The piece proportional to C is X = (“1/2, “1/2, “1/2, —1/2), which is the top 
state of 8s. 

Decomposing 8s with respect to the standard embedding of 50(4) x 50(4) in 50(8) 

gives 

8s = (2+®2+)© (2_«)2_) , (5.1) 

where 2± denote the complex two-dimensional spinors of 50(4) with chiralities ±. The 
states tp and x lie in the first product together with the states (-1-1/2,-|-l/2,—1/2,—1/2) 
and (—1/2,—1/2,-1-1/2,-1-1/2). Decomposing 2+©2+ with respect to the diagonal 50(4), 
gives 

2+02+= 2+© 10 1, (5.2) 

where ip and x generate precisely the 2+ of the diagonal 50(4), while the other two states 
are singlets. Similarly, 2_ © 2_ can be decomposed with respect to the diagonal 50(4), 
and it is easy to see that 

2_®2„ =2_©1©1. (5.3) 

Thus the four (real) supercharges considered in transform in the 2+ representation of 
the diagonal 50(4), and are in fact uniquely characterised by this property. 

Next we want to analyse which of these supersymmetries are preserved in the presence 
of a O-brane®. Let us concentrate on the sixteen dynamical supersymmetries of the light- 
cone gauge type IIB theory. These transform in the 8s of 50(8) and therefore have chirality 
+ with respect to the 50(1,1) of the light-cone gauge. The dynamical supersymmetries 
that are preserved by a brane are precisely those that are invariant under the action of 
T = where the product is over the gamma-matrices associated with the world- 

volume directions of the brane. In light-cone gauge, this translates into the statement 
that the dynamical supersymmetries in 8s that survive are those that are invariant under 
T = where N' is the set of transverse world-volume directions. This condition 

selects out precisely half of the eight complex states. 

In relating the results of Q to our case (where the background preserves the maximal 
amount of supersymmetry) one has to bear in mind two further restrictions made in iQ: 

(i) Since a generic background with (2,2) world-sheet supersymmetry only possesses 

the space-time Killing spinors described above, all the branes found in Q preserve 

®We are here discussing the lorentzian (+, —; r, s)-branes in order to compare with |^. 
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a linear combination of the spinors il) and x- Oii the other hand, the maximally 
supersymmetric background that is considered here, may (and does) possess L>-branes 
that preserve half the dynamical supersymmetries, none of which lie in the subspace 
spanned by V’ and x- Since these do not preserve the (2, 2) supersymmetry of Q 
these branes are absent from the analysis of |Q. 

(ii) In the analysis of an ansatz is made for e_ that is only the most general ansatz if 
the D-brane does not preserve any kinematical supersymmetries (which correspond 
to solutions of the homogeneous e_ equation of 

Since all the class I branes preserve half the kinematical supersymmetries, point (ii) above 
implies that they should not appear in the analysis of Q, and this is indeed the case. Ac¬ 
tually, all class I branes, except for certain (1,3) and (3,1) branes, only preserve dynamical 
supersymmetries that lie outside the subspace spanned by V’ and X; and therefore do not 
appear to be supersymmetric from the analysis of because of (i). 

As regards the class II branes, suppose that F is a product of 7 * matrices (as is the 
case for the (-I-, —; r, s) branes). Then for each (r, s) in class II, there exists a configuration 
for which F leaves the space spanned by V’ and x invariant. In order to see this one can 
use the representation (up to a suitable normalisation) 


y = ( 6 ‘ + 6 +*), f = l,2,3,4. 


7 


4+2 _ 


= f( 6 *- 6 +*), f = l,2,3,4. 


(5.4) 


where 6 * and i = 1 , 2 ,3,4, act as step operators on the four entries of the spinor states 
(±1/2, ±1/2, ±1/2, ±1/2). Furthermore, the supersymmetric class II branes we have found 
- namely the (0,0), (4,0) and (0,4) branes - do not preserve any kinematical supersym¬ 
metries, and thus the analysis of |^] is applicable for them. Our results for these branes 
are therefore in agreement with the findings of | 8 |. 

Finally, the oblique branes that were found in preserve a two complex dimensional 
subspace of the space spanned by V' and X; but probably not half of the supersymmetries 
that are present in our cases. Within the context of our analysis it is therefore not sur¬ 
prising that we have not encountered them. It should be straightforward to generalise our 
construction in order to describe them as well. 

We can also use the connection with (2, 2) world-sheet supersymmetry to confirm the 


form of the modified Neumann boundary conditions (4.14). The coupling of the (±, —; 4,0)- 
brane to the background five-form field induces non-zero Born-Infeld flux F+r that is de¬ 
termined in terms of the superpotential W (see equation (4.14) of Q). For the maximally 
supersymmetric plane-wave background the superpotential W is quadratic in the trans¬ 
verse coordinates, and F+j is therefore proportional to The open string boundary 

condition for a brane in the presence of this Born-Infeld flux is then 


(+x* ± F+i +X+) = 0 . 


(5.5) 


In the usual open string light-cone gauge that is appropriate for time-like branes 


and thus (^) becomes 


x'* — mx* = 0 , 


= p+r, 
(5.6) 
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where m = . Taking into account that the analysis of section Q is formulated for 

euclidean branes, and that the mass-parameter in the corresponding open string light-cone 


gauge is fh rather than m, (5.6) agrees precisely with the string equation we found in (4.14). 

The condition ( p.5[ ) agrees also with equation (8.12) of ||^. There it was argued that 
the derivative of the condition follows from the dynamics of the (-I-, —; 4,0)-brane described 
by the sum of the Dirac-Born-Infeld lagrangian and the Wess-Zumino term. The latter is 
proportional to f dAf\F^, where A is the Born-Infeld vector potential, the background 
five-form field strength, and the integral is over a seven dimensional surface that bounds 
the brane. 


6. The classical D-instanton 

In this section we will describe the classical supergravity H-instanton solution that cor¬ 
responds to the boundary state we constructed in section We begin by reviewing the 
description of the IIB H-instanton in flat space. 

6.1 Review of the fiat space description 

The euclidean field equations of classical Type IIB supergravity theory possess a D- 
instanton solution in which the dilaton and the Ramond-Ramond {RR) scalar fields have 


nontrivial profiles in the Einstein frame, while all other fields are trivial []R|. The BPS 
condition relates the RR scalar (C*-*^^) to the dilaton cj). The quantity e'^ satisfies the 
ten-dimensional equation for a scalar Green function, 


Vle^ = 27r\K\5^^^\x - xo), 


( 6 . 1 ) 


where xq is the position of the instanton. The RR scalar is given by = de where 

dCfo) = idC^^^ (the factor of i arising due to the effects of the Wick rotation to euclidean 
signature). The flat space-time solution of this equation is 


= g + h{\x - xol), 

where g = is the string coupling constant and 

m\ 


h = 


Tl^\X — XqI 


( 6 . 2 ) 


(6.3) 


The function h is simply the euclidean scalar field propagator. The corresponding RR 
scalar field is then given by 


= y + i 


where y is the constant value of the field. 


1 


g + h{\x-xo\) 


(6.4) 


^This corrects a small numerical mistake in llOl. 
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The instanton carries a charge K which represents the violation of the Noether sym¬ 
metry associated with the translation symmetry of the RR scalar, -|- b. The 

Noether current is given by 

jf, = i , (6.5) 

and the charge carried by the L)-instanton is given by the integral of the radial component 
of the current over a nine-sphere enclosing the point x = xq, 


Q = 



( 6 . 6 ) 


where dT,^ is the element of area on the nine-sphere. A generalization of Dirac’s argument 
for the quantization of magnetic charge in the presence of an electric charge leads to a 
quantization of K in the presence of a (4,4)-brane. 

It is straightforward to see that the above solution carries a charge that is an integer 
multiple of 27r, 


q = 


d'Sfj, 


2AK{xi^ - x^) 
'K^\x — 


2'kK . 


(6.7) 


The D-instanton action is equal to 27r|il'|. 

The euclidean solution has an interpretation in lorentzian signature space-time as a 
tunneling process in which the RR charge changes by K units between the initial time 
x^ —> —oo and the final time x^ —> -|-oo. In order to see this, the solution must be 
continued to lorentzian signature with a suitable ie prescription which reproduces the 
causal properties of the Feynman propagator for the non-constant term in (6.2). For our 
purposes it is of interest to express the fields in light-cone coordinates. In that case the 
time coordinate is and the Noether charge of the RR scalar is We may write 

the solution in the form (letting X = x — xq for convenience) 


Jo 


( 6 . 8 ) 


It is natural to Fourier transform this solution with respect to X~ to express it in terms 
of the mixed (p^, A'’',X) representation. This gives a factor of S(2sX~^ which only 

has support when p~^/X~^— > 0 and the result is 




— [ dX- = g6{p+) + 

2tt J 


\K\ {p 


,+ i3 


2(27rA+)4 


,ip+X2/2X+ 


(6.9) 


This becomes a real solution after a conventional Wick rotation of the light-cone time 
variable, X~^ —iX'^. In contrast to our earlier discussion we shall not perform this 

Wick rotation in this section. This has to be taken into account when comparing with the 
results of section 2. 

In light-cone coordinates the charge (|6.6| ) is the difference between the final and initial 
charges, defined at A+ = -|-oo and A+ = —oo, respectively 


q = qf-qi- 


( 6 . 10 ) 
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Here qf and qt are the charges defined at = Xj = +oo and X~^ = X^ = —oo, 
respectively. The expression for q/ is 


Qf= 


I' 


K 


2(27rX+)4 io 


Jo 


( 6 . 11 ) 


X+=oo 


where dS_|_ = d^X'^dX . When expressed in terms of the Fourier transformed solution the 
result is 


qf = lim 27r / ^ 


p+^0+ 


27rX) 


jp+x.y2X+ 


Performing the X integrations in (iS_|_ gives 

qj = TrK, 


( 6 . 12 ) 


(6.13) 


where a Wick rotation of X~^ has again been assumed, which makes the integral convergent. 
Similarly we have qi = —ttK. 

6.2 The classical solution for the plane-wave background 

The solution of (6.1) in a non-trivial conformally flat geometry with vanishing scalar cur¬ 
vature and metric can be straightforwardly written in terms of the harmonic 

function h in the form 


e^ = g + Q ^(x)H '^(xo)/i(|x — xo|) • (6-14) 

For example, in the case of AdS^ x S^, H = p~^L, where p is the radial coordinate (p^ = 
EL 5 (®*)^) L is the scale of the AdS^ 0. The plane-wave background of interest to 
us has the metric 

ds^ = —2dx~^dx~ — (7rp)^(dx^)^x^ -|- dx^ , (6.15) 

where x denotes the eight transverse coordinates. This may be expressed in conformally 
flat coordinates by transforming to Rosen coordinates (denoted by tilde’s) 

I 1 I X _ _ 7F p I o . , 

X =—tanvrpx , x= -— , x =x H-tanvrpx x . (6.16) 

np cos Tipx^ 2 

In this system of coordinates the metric becomes 

dsRosen = (1 + (x+)^)“^(-2dx+d5“ dk^), (6.17) 

and thus the conformal prefactor is (l-|-(x'’')^)“^ = cos^ Tipx'^. The invariant finite squared 
length element is therefore 

^Rosen = COS TTpX~^ COS TTpXQ ( — 2X^X~ X^) . (6.18) 

In these coordinates the initial and final times are x'^ = Too, which are at the points where 
cos'Kpx'^ = 0 . 
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It is easy to transform to the global coordinates ( |6.15 ) by substituting the x variables 
in terms of x, giving 


=- X sin(7r/rX^) — 2(x^ + Xg) sin 

TTjJ, 


2 j 


+ X^ 


The dilaton profile in the background of a D-instanton is therefore, 


(6.19) 


( 6 . 20 ) 


TT^ (<l>(x,Xo) + k)'^ ' 

Apart from the constant, g, this is the expression given for the scalar Feynman propagator 
in 1^. Fourier transforming with respect to X~ now gives 


4- l-^l ^ (p ) i^^^((x^+x^)cot(7r/jX+)-2x-xo/sin(7rAtX+)) 2 I) 

2{2sm{'KgiX+)Y ' ^ ’ 

The expression for the charge at a positive value of X~^ due to a D-instanton at the origin 
is then 


/ • K 
d®x*— 
2 


while at negative X~^ it is 




2 sin(7r^A+) 


) 


2p'*"7r/iX^ cot(7r/iX^)/2 _ 


f = TrK{cos{7rpX^)) , 

( 6 . 22 ) 


Qi = lim 27r 

p+^0_ 




-4 


(6.23) 

The dependence of the charge qj — Qi on X^ and X^ is a consequence of the fact that 
the RR scalar is not massless. It would be interesting to understand the properties of the 
D-instanton in more detail, particularly its relation to the Yang-Mills instanton via the 
duality conjectured in [Q]. 

6.3 Supergravity approximation of the interaction energy 

The above discussion implies that one can think of the H-instanton at xg as a source of 
the dilaton and the RR scalar, and that the dilaton and RR scalar profile at x is simply 
described by the scalar propagator evaluated at x and xq. Under this assumption one can 
calculate the interaction energy between the D-instanton and any euclidean D-brane in 
field theory. As we want to demonstrate below, this field theory calculation reproduces the 
contribution of the lowest lying closed string states in the corresponding string cylinder 
amplitude. The fact that these calculations agree gives support to the identification of the 
D-instanton boundary state with the classical solution above. 

Let us consider a H-instanton (i.e. a (0,0)-brane) at y, together with another eu¬ 
clidean brane at 0. In order to get a non-vanishing answer from the string calculation, the 
brane at 0 will be taken to be, in turn, a (0, 0)-brane, a (2, 0)-brane and a (4, 2)-brane. Up 
to numerical constants, the contributions to the corresponding cylinder diagrams from the 


zero modes in the closed string channel are given for (0,0) — (0,0) by (see (p.I9)) 


/io(y, 0) (47rm) 


^2m 


(1 - 


Lg(y, 0) (87r^/rp+)'^ sin ‘^(7r/xX+) 


(6.24) 
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while for the case of the (0, 0)-brane at y and the (2, 0)-brane at the origin it is (see ( |2.22| )) 

q2m 

jo(y) sinh(7rm) (dvrm)^ 


(1 - g™)3(l + q^) 
jo(y) sinh(27r^/ip“'") (27r^p+)^ sin“^(7r/rX''') cos“^(7r/rX+) 


(6.25) 


and for the the case of the (0,0)-brane at y and the (4, 2)-brane at the origin it is (see 

(1^ ) 

g2m 

jo(y) sinh(7rm)-i(47rm)2^^— 

~ jo(y) sinh(27r^/rp''')“^ (27r/rp^)^ sin“^(7r^X''') cos“^(7r^X'''). (6.26) 


Notice that the contribution of the term to these expressions, which can be isolated 
by letting X~^ ioo, is proportional to the charge qf ( |6.22| ) when this is evaluated in the 
same limit. This is to be expected since the cylinder diagram factorizes into the product of 
the RR charges of the ground states of the two branes (one at the origin and one at X~^) 
in this limit. 

We will now show that the low energy limit of the right-hand sides of these expressions 
coincide with the quantities obtained from the exchange of a massless scalar field in this 
background. To see this consider the situation in which there is the (0,0)-brane at xf, 
and xi = yi in the presence of any euclidean (r, s)-brane located at and 

X 2 t = y 2 (where X 2 t is the transverse position). Then the force is proportional to the 
scalar propagator between the (0,0)-brane and the (r, s)-brane integrated over the world- 
volume coordinates, X 2 /, of the (r, s)-brane. The propagator is simply equal to 

G{x 2 -.,xi) = {^+ ie)~^ , (6.27) 


where is given in (S.19). Next, take the Fourier transform of the propagator with respect 
to X~ = Xg — , giving, for = x^ — x^,^ >0, 

4 

(^2 cot(7r//X'*")+xi^ tan(7r/.iA' + )) 


P+G(X+,xi,X2;p+) = 27r(p+)^ ( . ^ ^ 

\2sm(7r|UA + ) / 


(6.28) 

where the extra factor of p'^ has been included to conform to the usual normalisation of 
the propagator in the light-cone gauge and 

xi 


^2 = X2-^ • (6.29) 

cos TT/iA 

The full interaction is obtained by integrating this expression over the p -|- 1 = r -|- s X 2 ; 
coordinates tangential to the (r, s)-brane (letting xi = y and setting X 2 t = 0 for simplicity), 

p+G'(A+,y,X2t = 0;p+) 




P+/2 (x2[^ cot(7r/iX+)+yi^ cot(7r/2X+)+yt^ tan(7r/2X+)) 


62 

P+3 , I , A P +1 / ii 

r O ( /y-.“r O I 


= 27r^(p+)^-^ 


4- 


p+i 


(sinTTpA"*") ^■'■^2 (cosTrpA’*') ’’s 


62 


(yi^ cot(7r/iX+)-|-yt^ tan(7rpA+)) 


(6.30) 
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This agrees with the expansion of the cylinder expressions (|6.24D , (|6.25D and ( 6.26 ) for 
the cases p = —1, p = 1 and p = 5 to leading order in a' (remembering that some of the 
prefactors contain powers of sinh(27r^pp'’') ~ 2'k‘^plp'^). 


7. Discussion 

In this paper we have shown how to construct various D-branes in the type IIB plane 
wave background that preserve half the dynamical supersymmetries of the background. 
The instantonic (or euclidean) branes are characterised by the label (r, s) {r + s = p + 
1) which defines the number of directions they occupy in the two SO(4)’s. In pT| , 
boundary states for class I IDp-branes with labels (0, 2), (2,0), 3,1), (1, 3), (4, 2) and (2,4) 
were constructed and the corresponding cylinder diagrams considered. In those examples 
the open strings conserved half the kinematical supersymmetries in addition to half the 
dynamical supersymmetries. The cylinder diagrams joining pairs of these ID-branes did not 
vanish (when p"*" is fixed and non-zero). Here we have generalized the earlier discussions 
to include class II branes with the values (0,0), (0,4) and (4,0). These do not possess 
the kinematical supersymmetries. On the other hand, the open strings contain massless 
fermions which cause the cylinder diagrams that link like pairs of branes to vanish. Given 
our analysis and the independent considerations of Q it seems that these branes are the 
only class II branes that preserve dynamical supersymmetries. 

The interactions between pairs of ID-branes associated with cylindrical world-sheets 
were evaluated for a variety of cases. In each case the cylinder was evaluated in the 
closed-string channel as an overlap of two boundary states, and also as a trace over the 
states of an open string joining the two ID-branes. A rather nontrivial behaviour of these 
expressions under the S modular transformation was needed in order for the closed-string 
and open-string calculations to agree. 

As already described in |^] our discussion generalises directly to the case of lorentzian 
signature D-branes in which the light-cone coordinates, are tangential to the world- 
volume and are of the form (-I-, —; r, s). In fact, the open string analysis we have presented 
in this paper can be directly applied to time-like branes if we consider the usual open string 
light cone gauge, and replace fh by m. Apart from the supersymmetric D-branes that had 
been considered in ||l2|, we have also constructed supersymmetric (class II) branes of types 
(-1-,—;0,0), (-1-,—;4,0) and (-|-,—;0,4). The latter two carry non-trivial Born-Infeld flux 
that is induced by the background RR flux. As a consequence, the corresponding ‘anti- 
branes’ break supersymmetry. As remarked earlier, it should be simple to generalize our 
discussion to include oblique branes which are oriented in directions that link the first 
and second SO(4)’s and therefore cannot be represented in the form (-I-, —;r, s). Further¬ 
more, the light-cone gauges we have used are not appropriate for describing ID-branes in 
which x~ is tangential to the brane with x"*" being transverse (or the converse), which 
includes the case of ‘null branes’. 

It would be interesting to understand the properties of these branes from a more 
geometrical viewpoint. For example, it is clear that the (-|-,—;0,0) D-string arises as a 
Penrose limit of a non-super symmetric string wrapping the equator of the five-sphere in 
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AdS^ X 5^ \14, 0. Likewise, the ;0,4)-brane comes from the baryonic vertex of 

AdS^ X S'®, which is a supersymmetric D5-brane wrapping the five-sphere. On the other 
hand, the (-I-, — ; 4,0)-brane originates from a non-super symmetric i45-brane in AdS^ x S® 
one of whose axis wraps an equator of the five-sphere while the other axes are aligned with 
directions in AdS^. 

The connection of the instantonic branes we have constructed with instantonic branes 
in AdS^ X S® is more obscure. Understanding this could lead to an understanding of the 
relation between the D-instanton and instanton effects in the dual Yang-Mills field theory. 
It would also be interesting to understand the effect of the D-instanton on the plane- 
wave dynamics. Finally, one should be able to analyse the D-instanton contributions by 
considering the effects of the and related terms in the effective low energy IIB action 
in this background. 


Note added: while this paper was in the final stages of preparation a preprint by Skenderis 


and Taylor appeared |^] which contains results that overlap with our section 3.1.1 and 
appendix C. 
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A. Notation and definitions 

We shall be using the same conventions as in (see also 1^, ). The light-cone lagrangian 
in the plane-wave background describes eight massive free scalar and eight massive free 
fermion fields, 

£ = ^ {d+x^d-x^ - ry?{x^f) + ^ - 2m5“n^b5®) , (A.l) 

47r ^ ' zTT V / 

where 5“ and 5“ are 50(8) spinors of the same chirality and H = The mass 

parameter m is defined by m = 27rp'^fi. The 8 x 8 matrices, 7 ^^ and 7 ^^, are the off-diagonal 
blocks of the 16 x 16 50(8) 7 -matrices and couple 50(8) spinors of opposite chirality. The 
presence of H in the fermionic sector of the lagrangian breaks the symmetry from 50(8) 
to 50(4) X 50(4). 
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For the bosonic degrees of freedom, the general solution to the equations of motions 
takes the form 


x^(cj, r) = cos(mr)xo + — sin(mr)pQ + i ^ + e , 

n^o 

V\cr,T) = cos(mT)po “ msin(mT)xo + ^ , (A.2) 


nf^0 


where is the canonical momentum associated to |]l[| . The non-zero modes 

ai and ai satisfy the commutation relations 


[al,a'l]—ujk6^'^5k-i, [a]^,a'(] — t) , [6il,,di'l] — ^k-i, (A.3) 


xiJ 


J zJ 


I 


xIJ 


where 




= sign(/i;) -\//c2 _|_ ^^2 |/j| > g _ 


(A.4) 


On the other hand, the centre of mass position Xq and the generalised momentum Pq 
commute with the non-zero modes above, and satisfy 

bo>4] = ■ 

It is convenient to introduce the creation and annihilation operators 


(A.5) 


ai = ^={pi + imxi), ai = ^={pi - imxi), 
y/2m \/2m 

in terms of which ( A.5D is then simply 

[ao>«o] = ■ 

The fermionic fields can be similarly expanded in terms of modes 
5(cr, r) = 5ocos(mr) -|-II^o sin(mr) 


(A.6) 


(A.7) 


+E- 

nj^O 


m 


S{a^T) = —ri/So sm(mr) + aSq cos(mr) 


+E' 

n^O 


where Cn is defined by 


Sne 


Cr). - 


-i(u;„T+na) _ _ 


m 


{iVn - 


m 


\/ 2 (Un, {aifi nj 


(A.8) 


(A.9) 


(A.IO) 


The modes and S^, where a is a spinor index of 50(8) and A: G Z, satisfy the anti¬ 
commutation relations 


{5,“, 5f} = , {St, 5f} = 0, {St, 5f} = . (ATI) 


nb 


a ob^ _ scib) 
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It is convenient to introduce the zero-mode combinations 




%/2 


%/ 2 ' 


(A.12) 


and further 


1 


1 


= ;T(i + n)0o, 0R = -(i + n)0o, 


0L = -(i-n)0o, 0L = -(i-n)0o. 

The dynamical supercharges of the closed string theory are given by @0' 

1 p27T p 

\/2 p+ Qa = — / da S — S — mx^^^YiS 

27r Jo L 

1 r27T p 

\/2p+ Qa = — / da V^j^S + x'^'j^S + mx^'y^IlS 
2-71 Jq I 

which in terms of modes is 


(A.13) 


(A.14) 


V^Qd = pWdbSo - mxl (7^n) S^ 


n=l 


+ Y 1 ( + al^Stn) + (d-n*5n “ «n'^-n) 


2Co’r). Cr) 


(A.15) 


V^Qd = pWdbSo + mxi (7^n) 5 ^ 

CXD y 

+ ^ ( (Cnlibi^-n^n + ^n^-n) ' r, 

' ZiUJy) C' 


n=l 


im 


(A.16) 


In order to describe the anti-commutation relations of the dynamical supercharges it is 
useful to introduce = -^{Qa i iQa)- (Note that in contradistinction to ( [4.18| ) and 
( 4.19 ), for example, the index ± here does not indicate the eigenvalue with respect to the 
action of 11.) Then the anti-commutation relations are H] {Q^,Q^} = 0, as well as 

{Qt^Ql} = ‘^hbH + m (7*^' + m (f'^' , (A.17) 

where are the rotation generators (see |Q]) while H is the light-cone hamiltonian H for 
the closed string in the plane-wave background 


CO 

2p'^H = -m [a^al + i Sq Ila;, ,§0 -|- 4) -|- ^ -|- aLk^i + uJk {Slk^k + ^-k^k 

k=l 
00 

\l I ;yI xI 


— m (oq Uq + 019% + Oh Oh) + ^ + difcdfc -t- uJk ( -|- Shf^S^ 

k=l 


(A.18) 


®We are adopting a slightly different normalisation for the non-zero mode contributions. 
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In the limit m = 2'Kp '^—> 0 this reduces to the usual light-cone gauge hamiltonian in a flat 
background |2C]. The normal ordering has been chosen in ( |A.l^ ) with the understanding 
that and are creation operators while 9’^ and 9^ are annihilation operators. 

As is familiar from flat space, the space of states is described by a tensor product of 
the space generated by the bosonic modes and that generated by the fermionic modes. The 
ground state of the bosonic space, |0);,, is annihilated by the modes Og as well as and 
with k > 0 and is non-degenerate since each of the ‘zero modes’ Og raises the energy 
by m. Likewise, the non-degenerate ground state in the space spanned by the fermionic 
operators, |0)/, is the state annihilated by and 0^, while the creation operators 61 and 
raise the energy by m. 

Finally, the kinematical supercharges, Qa = S'g and Qa = S'g do not commute with 
H, but rather satisfy 


im 


[H,Qa] = -^IlabQb, [H,Qa] = 


im 

2 p+ 




(A.19) 


B. Definition of fi, gi, gi, gi^±, gi^± 

The expressions for the cylinder diagrams with boundaries on pairs of class I branes dis¬ 
cussed in 1^] are defined by 

CXD _ 

- q-^)h , (B.l) 

n=l 

oo _ 

f^^\q) = J] (l + , (B.2) 

n=l 

oo 

ft\^) = 9“^- n , (B.3) 

n=l 

oo 

ft\6) = q-^'- n , (B.4) 

n=l 


where and are given as 


A 


m — 


Ah 



(B.5) 


These functions satisfy the conditions 

/L>(9) = /f’®. /f>(9) = /f’®. /f>(9) = /f’®. (B.6) 

In this paper various other cylinder diagrams arise that are expressed in terms of 
generalizations of the above functions. The complete list of these functions is as follows, 


(t) = ^TTimq 

n=l 


/ UJn + m 

\UJn - m 




( UJn-'m 

\uJn + m 



(B.7) 
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g!p\t)=Anmq-^^-q^/^ 11 (l + 


OO 


= 2 g 2 a;„ JJ M + 

n=l ^ 

OO / 

{t)=2q-^^'^ n (l- 


n=l 
UJ. 


UJn + m 


Ur, — m 


1 + 


Ur, — m 


Un + m 


(B.8) 


u. 


-1/2 + ^ \ U 1 + f ^n-l/ 2 -m 


n-1/2 


(m) 

54 


n=l 


U/’ri 


— m 


m 


LO. 


'n-l/2 + "1 


(B.9) 


u. 


n-l/2 


— m 


q‘^n-l/2 1 _ 


u, 


n-l/2 - m 
^^n-l/2+m 


‘^n-l /2 


^(fn) rr\ —A- 

9i (t) = g " 


n (i-r')’ n (—« 

ieM+ i£M- 




gf'\i)=r^^ n (in 


n (in (i+^' 

iev+ i&V- 


1&M+ leM- 

1 






g‘f"\i) = q (l - g 

l^V+ 

In these expressions Uk = sign(A:) ^/k? + fh? and 




n(i-' 

l&V- 




(B.IO) 

(B.ll) 

(B.12) 

(B.13) 

(B.14) 







^—p^s—Tr'^mP' Is 


(B.15) 


where are the Taylor coefficients of the functions 


2r 


(B.16) 


Furthermore, the sets 'P± and j\4± are dehned by 


I G V+ 
I G V- 
leM+ 
leM- 


if 

if 

if 

if 


1 + 

ira 

1 - 

irh 

1- 

im 

1 + 

im 

1 + 

irh 

1 - 

ifh 

1- 

im 

1 + 

ifh 


+ 

= 0, 

(B.17) 

+ 

= 0, 

(B.18) 

^7vil 

= 0, 

(B.19) 


= 0. 

(B.20) 


We shall show in detail in appendix ^ that 


(B.21) 
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The contour integral method that we use is easily extended to show the other modular 
properties, 




sf’W = #>(*). 




(B.22) 


For m —> 0, these relations reduce to the standard modular formulae relations between 
/i) / 2 ) /s and / 4 . Let us, for example, consider the case of the first relation in ( B.22 ). 
For fh small, there are two solutions with I G close to zero at I = ±y/mjn, and 
two more solutions with I € close to zero at I = ziziyJfhjTr. Consequently, for small 

(m) 


^ ~ (m) / 

m, gl '[t) 

modular transformation formula of the ry-function. 


Att fhit^ while g\ (t) ~ 4 vr m i 77 ^ (t), and we recover the standard 


B.l The factorized s'-functions 

The functions g^^^ (t) and {t) are naturally expressed in factorized form 
<,(».) (t) = aP (t) (4), jp> (4) = 9<™> (4) (4). 


(B.23) 


The individual factors are defined in such a manner that they have simple transformation 
properties under the S modular transformation. 

We will omit the derivation of these functions and simply state the explicit relations 
for the cases that are relevant for us. For the closed string functions define 


9 S 5 (*) 

4”’(4) 

g'i'ilt) 


4 Trim q | 1 

00 y 

n 1 


e q 


n=l 


n=l 
Un — m 


oJn + rn 

UJn — m 


OJn + m 


dvrme^"* ( 1 + 


^ Vm q Am 


n=l 




n=l 

iOn — m 
LOn + m 


UJn + m 


Uri — m 


where is defined by 


V 


m 



4^e-"'^'Erf(7rm/si/2), 


(B.24) 

(B.25) 

(B.26) 

(B.27) 


(B.28) 


with Erf(x) the error function 


9 

Erf(a:) = 1-^ / du . 

A Jo 

Under the S'-modular transformation, these functions transform as 



(B.29) 


(B.30) 
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where the functions on the right hand side are defined by 




n (i 

(B.31) 

ieM± 



(B.32) 

1&V± ^ 



Here 


- 00-00 


^fh,e 


QT 


:P 


(27r)2^p^ ^ V27rm/ {dpY Jo 
P ^ " ^27rm/ {dpY 

where dr are the Taylor coefficients of the functions 

p ^ 


_XJ 

ds (B.33) 

1*00 

p / (B.34) 

Jo 


X +1 
X —1 


E<^ 

r=0 


(B.35) 


C. Supersymmetry of the open string 


In this appendix the anti-commutation relations of the open-string modes will be deter¬ 
mined. We will also show that the supercharge (|3.11 ) is indeed time-independent. 

C.l Anti-commutation relations of the modes 

The anti-commutation relations of the modes are fixed by the requirement that the 
fields S and S satisfy the usual equal time anti-commutation relations 


|s“(a,r),5^u',T)} = 2 vr 5“''d(u - u'), 

|s’“((T,r),S^(cr',T)| = 0, 


(C.l) 


|5“(f7,r),5^(u',r)} = 2 7rd“''<5(cT-cT'), 

where 0 < cr, a' < vr. These are equivalent to 

|5“(cT,T)±5“(a,r),5^(cT',r)±5^(fT',r)| = dvr d(cT - ex'), (C.2) 

{s“(u,T) + 5“(a,r),5'(u',r)-5'(u',r)} =0. (C.3) 

Given the mode expansions (p.lOl) it is easy to see that the relation (^) as well as the 
relation in (C.2) involving S — S are satisfied provided that 


{S!^,Sl} = 5<^’’^6n,-m, ifn/Oorm/0 . 
Here one uses the standard identity 


(C.4) 


= 27r ^6{x + 27rr), 


(C.5) 


re 2 
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as well as the fact that for 0 < < 7 , a' < vr, d(a + a' + 27rr) = 0 for all r G 2. 

Given (C.4) as well as the mode expansion of S' + 5 in (|3.10D it is straightforward to 
determine the contribution of the non-zero modes to {(S -|- S){a, r), (S -|- S)(ct', r)}, which 
is 


AT:5^H{a-a') + 2 5^^ ^ 




nSZ 




ne2 




(C.6) 


Note that the two infinite sums now run over all integers; this is immaterial for the second 
sum, but in the first sum the contribution from n = 0 cancels the n = 0 contribution that 
is necessary in order to produce the J-function of the first term via ( |C.5| ). 

The two infinite sums can be evaluated by replacing the sum by a contour integral; 
for the case of the first sum the relevant contour integral is 


E 

ne 2 


diy 


^in(a+a') ^ _ 

11? + m? Jq 1 — e 


7/2 

^ -m 




(C.7) 


where the contour consists of two lines passing infinitesimally above and below the real 
axis. Since 0 < cr -|- u' the upper contour can be closed at infinity in the upper half plane 
and picks up the contribution from the pole at = im to give 


h = —2 7r- 


m 


^-rh(a+a') 


1 — e 


— 27rm 


(C.8) 


Similarly, since u -|- cr' < 27r, the lower contour can be closed at infinity in the lower half 
plane, and gives rise to 


/2 = 2 7r- 


m 


„m(c7+o-') 


_ g27rm 

from the pole at —im. By an analogous calculation one finds 
—2nmi 

ne 2 


r? + ff? 


^in{a+a') ^ 2 TT ■ 


m 


1 — e 


— 27rm 


g-m(a+7/') +2 7r 


m 


^fh{a+cr') 


1 -e 


27rm 


(C.9) 


(C.IO) 


In order to reproduce ( C. 2 ), the sum of (|C. 8 |) , (C.£) and ( P.10| ) must be cancelled by 
the contribution from the zero modes to this anti-commutator. This is precisely the case 
provided that the anti-commutator of the zero modes is given as in (3.14). 

C.2 Dynamical supercharge 

The fact that the dynamical supercharge is time independent simply follows by substituting 


( 3.10 ) and (|3.5| ) into ( |3.11 ). In order to see this let us first consider the terms involving 
bosonic or fermionic zero modes. The contribution that is proportional to 7 /( 7 ^S'n, with 
n 7 ^ 0 is equal to (up to the irrelevant prefactor of m/ 2 \/X+) 


y[ 7 ' [ [ 

n^O L./0 


m 


dasmh{fha) cos(na) -|-sin(n(T)n 

n 


n n (Qri — n) ^ 
— + i —-U 

UJn ^ 


+ 


m 


dacosh.{fha) cos(n(T)n-|- sm{na) 

n 


^ ^ m{Qn - n) 
U)n 




Sn 

(C.ll) 
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Using the identities 

I 


7Tl( — 

d(T coshirhcj) cosincr) = ^^75 -^ sinh(m7r), 

dcr sinh(m(T) sin(n(T) = —- 5 - sinh(m7r), 


f 

f 

Jo 


da cosh(m(T) sin(n(T) = — 
diTsinh(miT) cos{na) = 


fh? + 

n 


fn^ _l_ ^2 


[(—1)” cosh(m7r) — 1] 


m 


+ in? 


[(—I)"" cosh(m7r) — 1] 


(C.12) 


it is easy to see that ( p.ll ) vanishes. The analysis is identical for the term proportional to 
( 1/2 ~ cosh(m 7 r)y() 7 ^ 5 „ with n 7 ^ 0 . 

The analysis is similar for the terms proportional to aj'y^S q with I 7 ^ 0, i.e. 




E- 

1^0 


-luJir 


{cos{la)So cosh(m(T) + cos{la)IlSo sinh(miT)) 


(C.13) 


m 


+—a 7 (sin(/(T)n5o coshfmcr) + sm{la)So sinhlmir)) 
w/ 


= 0 . 


Thus, the only terms involving any zero modes are 

fh 


^/X+ ^ 


da 


'0 


/ • 1 ,/- ^ , ?/2 - l/i cosh(m7r) 

Ui smh(mcjj H-—--cosh(mcTj 


sinh(m7r) 

7 '^ (5q cosh(fh(T) + IISq sinh(m(T)) 


+ ( y{ cosh(mc 7 ) + 


vi ~ Vi cosh(m7r) 


sinh(mcT) | 7 '^ (n^o cosh(mcj) + S'q sinh(m(T)) 


sinh(m7r) 

Performing the ci-integrals gives 

i(7rm)n5o) - y(7"5o] . (C.14) 

7 ^ with n 7 ^ arises 


Q° = 

" [ 

^21^ (cosh( 7 rm) 5 'o + 


The non-zero mode contribution proportional to 

with coefficient 



1 

/*7r 

/ da 
Jo 

i cos(/(t) sin(re(T)— ( 
1 \ 

2\/X+ 


. {On - n) 


UJr 


+ sin(/fT) cos{na) 


4m / n 


OJl \UJ: 


■ n + i 


.n (On - n) 


OJn m 


(C.15) 


Using the identities 


/■ 

f 


cos{la) sm{na) = —- 

'1 

sin(/cT) cos(n(T) = 


n 


-? 


I 


_l)n+i _ ^ 


r?-?v V’ 

we see that each term in the sums in ( C.15D vanishes. Similarly one can show that the 
terms with n = / 7 ^ 0 vanish, and thus only terms with n = —I contribute. This proves that 
the supercharge is time independent. It is also easy to determine the terms with n = —I 
explicitly. The resulting formula for the supercharge is given in (3.12). 
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D. Modular properties of the cylinder diagrams 


In this appendix the relation (3.39) will be derived. In the process of doing so, we shall 
also hnd an explicit expression for A^. 


D.l Closed-string perspective 




The procedure for establishing the modular properties of 52 begins by considering the 
logarithm of the expression ( |B.^ ) and performing a Poisson resummation over the integer 
n. In order to do this, it is important to rewrite (|B. j ) so that the n = 0 factor has the 
same form as the n > 0 factors. For this purpose it is convenient to introduce a parameter 
mi and use the relation 


lim 

mi— 


(1 - ^1 + 

We can then write 


m + mi 
m — mi 


1 + 


m — mi 
m + mi 


g™) = 47 rmg™/ 2 _ 

(D.l) 


Infff^ = lim ( - V | + 2(27rt)A™ . 

mi—>m \ ^ p I 

p=l 


(D.2) 


The term Bmi in (p.2| ) is given by 

- 00 00 


(_1)^ 

- ( 

P 


i^nP 


i^n + mi V / Un - mi V' 
(^n-mij V^n + mi) 


(D.3) 


p=l n=—oo 

with LOn = +\/m^ + n^. Next use the power series expansion in powers of oj'^jmi, 


+ mi V / UJn - mi V _ ^ / CJn 

UJn-miJ \u)n + mij ^ 


2r 


(D.4) 


which converges for sufficiently large mi for any given value of n. The coefficients c?, which 
will not be needed explicitly, can be used for smaller values of mi since the function on 
the left-hand side is meromorphic. Using the identity e~^ = ds jypns^ ( p.3| ) 

becomes 


-| CXD CXD 

^ E E(-ifE< 

n=—oo p=l r=0 


E — — 

^mi — 


T =—00 p= 
00 00 


2r .00 

mi) Jq sV2 ' 


^-p^s-w^Buj^ls 


(D.5) 


•y 00 00 00 /* 

^ n=—oop=l r=0 


— S 


ds 


1/2 V Tr‘^m ‘1 


^-p^s-n^B{m^+n^)/s 


T= —CXD p=l 

It is now easy to re-express the sum over n by a Poisson resummation which leads to a 
sum over h, 


B — 

^mi — 


B' - (f— _ - / 

27r^^ ^ Jo 

p=l r=0 ^ ^ 


ds 


' {dt'^y t Jo \7r‘^m1 


—s 


^—p^s—TT^t^m? Is 


(D.6) 
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where the h > 0 terms are contained in 

1 f\r 1 roo 

B' = - YY{-^TY / 


ds 


n=l p=l 


— S 
TT^m? 


g—p^s—TT^i^m^/Sg— 


(D.7) 


The n = 0 term is the second term in ( D. 6 ) which can be rewritten as 


, ^ lXJ lXJ 


dr 


1 


P=1 


r=0 


f m \ 

\m\) {dfh?Y m 


r*(^ 


P^S —TT^m^/s 


(D.8) 


In the limit mi ^ m this has the form 27rt A^, where will be identified with the off-set 
for the open string 


1 


OO 


oo 


(27r)2 ^ (dm^Y m Jq 


dr 


1 


ds 


r=0 


— S 


TT^ 


p^s—TT^m^/s 


(D.9) 


We can check that this expression reduces to the correct offset for the flat space theory in 
the limit m —> 0. In that limit the only terms that survive are those in which d'^/{dwYy 
acts on the 1 /m factor, resulting in 


Ao = lim Y Y ^r( 2 r l)(-mVV)“'’, 

p=l r=0 

which can be written as 

1 roo 

-1 


(D.IO) 


p=i 

OO 


lim V(- 1 )P-^ / 
m^O Jn 

p=l ^ 

-1 


2E<-1)' 

p=i 


dye 


-y 


r=0 

9 2 2 — 2 \ P 

y — TT p m ' 

-|- TT^p^m^ 




-|- Ti'^p^rfY ^ ^ 

y2 _ Jj-2p2j^2 


24 ’ 


(D.ll) 


where the fact that Yl^=ii~^y/P^ — —'?i'^/12 has been used in the last step. This agrees 
with the standard expression for the contribution from the Casimir energy to the function 
/4 in the flat space case. 


The h > 0 terms in (p. 6 D can be evaluated explicitly to give (defining s = s/Y), 


B' = -- 

TT 


oo oo oo ^oo 

n=lp=lr-=0 1=0 


{—p^sy 


n=l p=l r=\ 


T(l -|- r -|- §) / —s 


T{1 + ^) 


^21+1 s—n^rn^ / s 


(D.12) 


From the definition ( p.2| ) it is clear that both Bmi and the term X]^i e 27rp^m2 
in ( p.2| ) are separately divergent in the limit mi —> m. For this reason it is important to 
keep mi 7 ^ m in ( 0.121) . We have now reexpressed Bmi in ( D.2 ) in a form that will be 
compared with the expression obtained from the open string calculation. 
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D.2 Open-string perspective 

We now start with the expression in (|B.l^). In this case the logarithm has the form 


In 54 ”"^ = C + 27rt Am , 


(D.13) 


where 


1 


r — —- 

'-mi — r, /— 

: ; ““ JO 
n=l p 


EE 


ds 


g—7r^P(fn^+;p^)/s 


(D.14) 


Here the sum over p runs over both V+ and V-, including the value j5 = 0 in both sectors. 
The second term on the right-hand side of ( D.13| ) should be given by the Casimir energy of 
a two-dimensional boson field on an open-string world-sheet of width i with the appropriate 
boundary conditions. We will postpone the discussion of this term until later when we will 
see that it coincides with the expression obtained from the closed-string side in the second 


term in (D. 6 ). 

We will start by considering Cmi ■ In order to proceed we need to perform a Poisson 
resummation over the values of p. This is achieved by replacing each term in the p sum by 
a contour integral over a complex variable p, enclosing the relevant pole at the value of p 
that solves the above relations, giving 


Cmi — 


1 




dp 


00 

E 

n=l 


f 


ds 


^—fds—TT^P{m?+p'^)ls 


TT + 


mi 

p’^+ih'f 


+ 


TT — 


mi 

p^+ffif 


\ A- (p—2'Kip I ^ p—irni \ —27vip 

' \p-imi ) ~ \p+imi J 


(D.15) 


The contour is the sum of small circles enclosing all the poles arising from real zeroes 
of the denominators in the square brackets on the right-hand side of this equation. The 
initial contour may now be deformed into the sum of two straight lines. One of these is 
a straight line, Li, displaced by e > 0 above the real axis and running from p = 00 -|- ie 
to p = —00 -|- ie. The other part is the line L 2 , displaced by —e below the real axis and 
running from p = —00 — ie to p = 00 — ie. 


In order to expand the denominators of the terms in the square brackets in ( D.15 ) in 
convergent series it is important to choose e > fhi. This means that the upper and lower 
contours are shifted into the upper and lower half p-plane, respectively. It is therefore 
important to understand the singularity structure of the integrand in the complex p-plane 
in ( p.l5| ). A careful analysis reveals that the denominators of the terms in square brackets 
have no zeroes or singularities away from the real p axis. However, the numerators of 
the terms in the square brackets have poles at p = Eifhi and the residues of these poles 
contribute when the integration contours are displaced. The total contribution from these 
two poles to Cmi is 


C = - 


\At Jq sV2 ^ n 


(D.16) 
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which matches the second term in brackets in (|D.2| ). The total value of is therefore 

(D-17) 

where and denote the terms coming from the integration over the upper and lower 


-'mi 

contours 


Along the lower contour L 2 we expand the denominators in the square brackets of 


( D.15 ) in powers of {p + imxjp — ifhi)e which gives 


1 /"°° 


TT + 


, ^ r ds , 




h=l 

fhi 


/o s 


p=0 


p + imi Y 


+ m\ J \p — ifhi J ' ^2 _L ^^.2 


+ TT - 


mi 


p^ + mf J \p + imi 


p — tmi 


.(D.18) 


In order to obtain a convergent series expansion along the upper contour Li it is necessary 
to expand in powers of {p — ifhijp + imi)e^”^. After taking into account the reversal of 
orientation of the integration this gives of the same form as , except that now the 
sum over p does not include the p = 0 term, 


^L2 _ piLi _ _ 


1 poo ^ 

V ^-00 


ds 


^—'h?s—TT'^P(m?+p^)ls 


lo 

We will separate out the p = 0 term by writing 

Cmi — Cmi + + ^mi ~ ^mi + ^mi + 2(27rt)A^, 


(D.19) 


(D.20) 


where 


2(27rt)A^= - 


^ „c>o ^ roc 

-J-V r 


^ — fPs — 'IT‘^P{ffP+p^)ls 


= -2{2Trt) 


(271) 


00 pQQ 


(D.21) 


thus producing the correct off-set of the closed string calculation. Next expand the p ^ 0 
terms in a power series in pjmx. The terms with coefficient vr in the first bracket in ( D.l^ ) 
only involve powers of (? jm^. For these terms we have the expansion 


2 cos 2p(j) = 


_ f p + iffii \ ^ ^ ~ 


. ^ ; T 1 . ^ 

p — imi J \p + imi 




(D.22) 


where the coefficients are the same as those that arose in the closed string calculation. 
Note that we can also write 

I n ?.7n.i \ ‘ in — \ * ?. n rnfii /.niDi i. rr. r.nsi /,nm\ / n.m \ ^ 

2i sin 2p(j) = 


p + f p — irhi\^ i dcos{2p(p) i dcos{2p4>) 

p — ifhi J \p-|-imiy p d(j) p dp \dp 


(D.23) 
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Using 


we see that 


Substituting these relations into the expression for gives 

c! = I Qo 

where 


j2i(j) _ 

/ p + imi \ 


\p - ifhi) 


rhi 

dp) 

+ ffi- 


(D.24) 

(D.25) 

(D.26) 


C® =_ 
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(D.27) 


C° = _ 

mi 


J-oo ^io P dp 


(D.28) 

Integrating the last integral by parts gives two terms where the d/dp acts on and 

on _ Therefore the full expression for is 


C' = 


7T\/7T J_r 


, ^ ds ^ (-1)P _ 


rJ 2 ~2 

cos2p0-^e-^(^'+™')-^'* (D.29) 
dp 


= -2i^ dpp'^ -z^Yl 

Substituting the expansion for cos 2p(/) gives 
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We can replace the odd power of p with the factor id/2'iTdp acting only on the exponential 
to its right. The remaining powers of p^ can be replaced by derivatives with respect to P. 
This gives 


1 ^ 
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We can now do the p integral very simply by completing a square, changing variables from 
p to p' = p — ipsjTTp and shifting the p' integration contour to lie along the real axis, 
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27r 
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ivr Jo s p 
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^ — n^s 
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n=l p=l r=0 
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I s 




1 7)2 ~ y, 9 - 

g-Tw-^ ",(D.32) 


where fhi = mi/t has been used in the final line. Expanding the exponential involving i, 
and differentiating term by term, gives 
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(D.33) 


This reproduces ( D.12|) upon setting i = 1/t. 


We now turn to the second term in (D.13), which is proportional to the Casimir 
energy of a two-dimensional field. This is equal to the difference of the vacuum energy 
on a finite strip of width t and an infinitely wide strip. Using a standard argument, the 
vacuum energy on the finite width strip is given by setting h = 0 in (D.14). Each term in 
the resulting series in the p sum is divergent. However, after the Poisson resummation the 
divergence is entirely in the p = 0 term, which, in the mi m limit, is the /-independent 
term that has to be subtracted in obtaining the Casimir energy. Therefore, the Casimir 
energy is obtained by setting h = 0 in the summand of the right-hand side of ( D.32 ), which 
gives 


"I p(X) 

27r/A =-/ ds y^(—1)^ P d/ 

^ p=l r=0 
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(D.34) 


thus reproducing (p.QI). This completes the argument. 
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